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ON UNSTABILZED GENUS THREE CRITICAL HEEGAARD 

SURFACES 

JUNGSOO KIM 



^ ^ Abstract. Let M be a compact orientable irreducible 3-nianifold and H be an 

Cn unstabilized genus three Heegaard splitting of M. In this article, we will define 

» I a siinplicial complex of weak reducing pairs for H and find several properties of 

C^ this complex. Using this method, we will prove that an unstabilized Heegaard 

^^ splitting of genus three is critical in a certain condition. In addition, we will 

^— H show that the standard genus three Heegaard splitting for T^ and the induced 

|y~\ Heegaard splitting of the three component chain exterior by a certain tunnel 

^vj system are critical as examples of the main theorem. 
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1. Introduction and result 

Throughout this paper, all surfaces and 3-manifolds will be taken to be compact 
and orientable. In [1], Bachman introduced the concept "a critical surface" and 
5-H he proved several theorems about incompressible surfaces, the number of Heegaard 

splittings with respect to its genus, and the minimal genus common stabilization. 
Since a critical surface has disjoint compressions on it's both sides, if the surface is 
a Heegaard surface, then the splitting is weakly reducible, i.e. a critical Heegaard 
splitting is a kind of weakly reducible splitting. But in some aspects, it shares com- 
mon properties with strongly irreducible splittings. For example, if the splitting is 
strongly irreducible or critical, then the manifold is irreducible (Lemma 3.5 of [2].) 
Indeed, the intersection of an incompressible surface S and a Heegaard surface F 
can be isotoped essential on both S and F if the splitting is critical or strongly 
irreducible (see Theorem 5.1 of [T] and Lemma 6 of [H].) Bachman also proved 
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Gordon's conjecture by using the series of generalized Heegaard splittings and crit- 
ical Heegaard splittings (see [5].) In his recent work [3 , he also introduced the 
concept "topologically minimal surfaces ", where a strongly irreducible surface is an 
index 1 topological minimal surface, and a critical surface is an index 2 topological 
minimal surface, this is a way to regard strongly irreducible surfaces and critical 
surfaces in a unified viewpoint. 

Although critical Heegaard splittings have many powerful properties as proved 
in Bachman's recent works, it is not easy to determine whether a weakly reducible 
splitting is critical. For genus two 3-manifolds, a weakly reducible splitting is also 
a reducible splitting (see [14j, the proof can be extended easily to the case with 
non-empty boundary.) Moreover, if a 3-manifold has a reducible splitting, then the 
manifold is reducible or the splitting is stabilized (see |9j.) Since a reducible man- 
ifold cannot have a critical Heegaard splitting, we need to consider the manifolds 
of genus at least three. In this article, we will prove Theorem |1.1[ 

Theorem 1.1. Let M be an orientable irreducible 3-manifold and H ~ (V, W; F) 
be an unstabilized genus three Heegaard splitting. Suppose that there is no weak 
reducing pair such that each of both disks cuts off a solid torus in its compression 
body. If we can choose two weak reducing pairs {Dq,Eo) and {Di,Ei) such that 
ODq n dEi 7^ and dDi D OEq ^ $ up to isotopy, then H is critical. 

We can induce following corollary. 

Corollary 1.2. Let M be a closed orientable irreducible 3-manifold and H = 
(y, W; F) be an unstabilized genus three Heegaard splitting. Suppose that H is 
not an amalgamation of two genus two splittings along a torus. If we can choose 
two weak reducing pairs {Dq,Eo) and {Di,Ei) such that ODq D dEi ^ and 
dDi n OEq ^ ^ up to isotopy, then H is critical. 

In 2002, Moriah proved that if an orientable 3-manifold has a weakly reducible 
Heegaard splitting of minimal genus, then M contains an essential surface of positive 
genus (see |8].) (In 1987, Casson and Gordon proved this when M is closed and the 
Heegaard splitting is irreducible (see 0].)) By using Bachman's result (Theorem 
5.1 of [T|), we can directly get the following corollary. 

Corollary 1.3. Let M be an orientable irreducible genus three 3-manifold and 
H = (y, W; F) be a minimal genus Heegaard splitting. Suppose that there is no weak 
reducing pair such that each of both disks cuts off a solid torus in its compression 
body. If we can choose two weak reducing pairs (Dq,Eo) and {Di,Ei) such that 
ODq n dEi ^ and dDi n OEq ^% up to isotopy, then there is an essential surface 
S of positive genus in M such that F Ci S is essential on both F and S. 

In a genus three Heegaard splitting, if each of both disks for a weak reducing pair 
cuts off a solid torus in its compression body, then both disks are separating in their 
compression bodies. Therefore, we can use Theorem 1 1 . 1 1 and its corollaries when if 
there is no weak reducing pair whose two disks are separating in their compression 
bodies. 

This article is organized as follows. In section[2J we introduce some basic notions, 
define the complex of weak reducing pairs WTZ, and find basic properties of WTZ, 
especially about the criticality of a Heegaard surface, the shapes of simplices in 
yVTZ, and stabilizations of a Heegaard surface. In section [3j we will induce special 
properties of WTZ when the manifold is irreducible, the splitting is unstabilzed. 
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and the genus is three. By using these properties, we will prove Theorem |1.1| In 
section |4| we will find additional properties of WTZ when the manifold is closed and 
prove Corollary |1.2[ In section [5j we will show that the standard splitting of genus 
three for the three-torus T^ is critical and find an incompressible surface S' which 
satisfies Corollary |1.3| as an example of Theorem |1.1[ In addition, we will show that 
the induced Heegaard splitting of the three component chain exterior by a certain 
tunnel system is critical. 

2. Critical surfaces and the complex of weak reducing pairs 

A compression body is a 3-manifold which can be obtained by starting with some 
closed, orientable, connected surface F, forming the product F x I, attaching some 
number of 2-handles to F x {1} and capping off all resulting 2-sphere boundary 
components that are not contained in i^ x {0} with 3-balls. The boundary compo- 
nent F X {0} is referred to as d+. The rest of the boundary is referred to as 9_. 
A Heegaard splitting of a 3-manifold M is an expression of M as a union V Up W, 
where V and W are compression bodies that intersect in a transversally oriented 
surface F = d+V — d+W. We will use the expression {V,W]F) for a Heegaard 
splitting. If {V, W; F) is a Heegaard splitting of M then we say that F is a Heegaard 
surface. We say that the pair {D,E) is a weak reducing pair for i^ if D C I^ and 
E C W are disjoint compressing disks. A Heegaard surface is strongly irreducible if 
it is compressible to both sides but has no weak reducing pairs. From now, we will 
use the letter "D" for compressing disks in V, "E" for compressing disks in W, "F" 
for the Heegaard surface in the given Heegaard splitting, and "H" for the name of 
a Heegaard splitting. 

Definition 2.1 (D. Bachman, Definition 3.3 of ^). Let F be a Heegaard surface 
in some 3-manifold which is compressible to both sides. The surface F is critical 
if the set of all compressing disks for F can be partitioned into subsets Cq and Ci 
such that the follows hold. 

(1) For each i = 0, 1 there is at least one weak reducing pair {Di,Ei), where 
Di, Ei e Ci. 

(2) If 13 e Ci and F e Cj, then (_D, E) is not a weak reducing pair for i ^ j. 

Note that the definition of "critical surface" of [2 is significantly simpler and 
slightly weaker, than the one given in ^. In other words, anything that was 
considered critical in [1] is considered critical here as well. 

Let M be a compact orientable 3-manifold with possibly non-empty boundary, 
and suppose that AI has a weakly reducible Heegaard splitting H = {V, W; F). 

Let D and D' be compressing disks in V. By abuse of terminology, we will just 
say that D D D' ^ 9 {E n E' ^ <ll resp.) if they are not isotopic in V (W resp.) 
and D misses D' {E misses E' resp.). In the case D and D' {E and E' resp.) are 
isotopic in V {W resp.), we will denote it as D = D' {E ~ E' resp.) even if D 
misses D' {E misses E' resp.) Similarly, we will just say that dD n dE = if 
dD and dE are not isotopic in F and dD misses dE. In the case dD and dE are 
isotopic in F, we will denote it as dD = dE even if dD misses dE. Therefore, for 
a weak reducing pair (D, E), we get either dD D dE = or dD = dE. If there is a 
weak reducing pair which holds the latter case, the splitting is reducible. 

Definition 2.2. Define the complex of weak reducing pairs WTZ as follows. 
(1) Each vertex of WTZ is a weak reducing pair for F. 
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(2) Two vertices v = {D, E) and w = {D\ E') in WTZ are the same if and only 
a D = D' and E = E'. 

(3) Assign an edge (or a l-simplex) e between two different vertices v = {D, E) 
and w = (D', E') e VVU if (a) D = D' anA E C^ E' = 0, or (b) Z? n £>' = 0, 
and E = E' . The edge e between w and w is determined uniquely since it 
is impossible that (a) and (b) occur simultaneously. 

We define an n-simplex in WTZ by (n + l)-vertices vq, • • • , w„ if there is an edge 
between Vi and Vj for every choice of i and j, where < i ^ j < n. WTZ depends on 
the manifold and the Heegaard splitting. If we need to make sure of the Heegaard 
surface or the manifold, denote the complex as 'WTZ{F) or 'WTl{M; F). 

It may be possible that an edge {Di,E) — {D2,E) exists but dDi = dD2 if the 
manifold has a sphere boundary. But if we consider irreducible manifolds other 
than B^ , then a Heegaard splitting consists of non-punctured compression bodies. 
Therefore, if M is an irreducible manifold other than B^ and dDi = dD2, then 
we can isotope Di and D2 in V so that Di — D2 since a compression body is 
irreducible. Similary, if M is an irreducible manifold other than B^, dDindD2 — 0, 
and dDi is not isotopic to 5I?2 in F, then we can isotope Di and D2 in V so that 
DinD2^ 0. 

In section 8 of [2], D. Bachman considered a sequence of compressing disks 

D = Do-E = Eo-Di-Ei D' = D„, - E' = E,^, 

where (a) A = D,+i or A n Di+i = and (b) E, ^ A+i or E, n E,+i = 
for each < i < m — 1 and both {Di,Ei) for < i < m and {Di^i,Ei) for 
< « < m — 1 are weak reducing pairs. He defined the distance between two weak 
reducing pairs {D,E) and {D',E') using the minimal length of this sequence. In 
particular, if there is no such a sequence between them, the distance is defined as 
00. He also proved that if the distance between two weak reducing pairs is 00, 
then the Heegaard surface is critical. We can rewrite this result in terms of WTZ as 
follows. 

Proposition 2.3 (D. Bachman, Lemma 8.5 of [2])- If WTZ is disconnected, then 
the Heegaard surface is critical. 

Proof. We will prove that two vertices {D,E) and {D',E') in WTZ are connected 
by a union of 1-simplices if and only if the distance between {D, E) and {D\ E') is 
finite. Therefore, this is equivalent to Lemma 8.5 of [2]. 

Suppose that {D,E) and {D',E') in WTZ are connected by a union of m 1- 
simplices, 

{D = Do,E = Eo) -ei {Di,Ei) -e, e„ {D' = D^, E' = Era). 

Each l-simplex (_Dj_i,_Ej_i) — g. {Di,Ei) denotes that (a) A_i = D^ and A-i n 
Ei =% or (b) Di^iODi — and A-i = Ei. In both cases, we can assign a sequence 
like following to e^, 

A-i — Ei^i — Di_i — Ei — Di — Ei. 

Similarly, for the l-simplex {Di,Ei) — e^+i (-Dj+i, A+i), we can assign a sequence 
like following to ei+i. 



A — Ei — D^ — Kj+i - U.j+1 - Kj 



+1- 
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The sequence corresponding to e^ ends with Di — Ei and that corresponding to e^+i 
starts with Di — Ei. Therefore, if we connect these two sequences identifying the 
common segment Di — Ei for all 1 < i < m — 1, then we get the wanted sequence, 
i.e. the distance between {D,E) and {D',E') is finite. 

Conversely, suppose that the distance between {D,E) and {D',E') is finite, i.e. 
there is a sequence like following, 

D^Do-E = Eo-Di~Ei D' = D„, - E' = E„,. 

Now we will follow the procedure described below. 

(1) Read the sequence from Dq — Eq- Initially, we assign a vertex {Dq, Eq). 

(2) For Do — Eq — Di, if Dq H Di = 0, then we assign a 1-simplex e in WTZ, 
{Do,Ea)-,iDi,Eo). If T^o = A , then we define (L'i,So) aspo,^o)- 

(3) For Eo ~ Di - El, if Eq (1 Ei = 0, then we assign a 1-simplex / in WTZ, 
{Di,Eo)-f {Di,Ei). HEq = El, then we define iDi,Ei) as {Di,Eo). 

(4) We repeat the steps ^ and ([3|, i.e. consider Di — Ei — A+i and Ei — 
Di+i — Ei+i for all 1 < z < m — 1. 

(5) Finish after the step £"^-1 ^ D„i — E^- 

Here, we get a union of 1-simplices which connects {D, E) and {D' , E') in WIZ. D 

In terms of WTZ, we can also get the following lemma. 

Lemma 2.4 (D. Bachman, Lemma 8.4 of [2]). // there are two different vertices 

V = {D, E) and w = (£>, E'), or v = {D, E) and w = (£>', E) in WTZ, then there is 
a path from v to w in WTZ. 

We denote a 2-simplex A determined by the three vertices u, v, w in WTZ as 
u—^v —f w —g u, where e is the 1-simplex in A between u and v, f is that between 

V and w, and g is that between w and u. 

Lemma 2.5. Suppose that A is a 2-simplex in WTZ determined by three vertices 
u, V, w. Then A has the form {D, E) -^ [D, E') -/ (D, E") -g {D, E) or {D, E) -^ 
{D',E)-}{D",E)-g{D,E). 

Proof. If A does not have the form {D,E) -^ {D,E') -f {D,E") -g {D,E) or 
{D, E) — e {D' , E) —f {D" , E) —g {D, E), then we get two cases by fixing the initial 
and terminal vertices as (D, E) and reading u —e v ~f w ~g u from the left. 

Case 1. A = {D, E) ~, {D, E') -j {D' , E') -g {D, E). 
From the edge e, E O E' = (A. Therefore, we get D = D' from the edge g, this 
contradicts the existence of the edge /. 

Case 2. A = {D, E) -^ (D', E) -/ (£»', E') -g (D, E). 
From the edge e, L* n Z?' = 0. Therefore, we get E — E' from the edge g, this 
contradicts the existence of the edge /. D 

Lemma 2.6. Suppose that S is an n-simplex in WTZ determined by vo, ■ ■ ■ , Vn- 
Then the vertices of S have the form (a) vq = {Dq,E), ■ ■ ■ Vn ~ {Dn,E) or (b) 
vo^iD,Eo), ■■■,v,, = {D,E,,). 

Proof. We will use an induction argument for n. For n — 2, we already proved in 



Lemma [2. 5[ Suppose that the statement of Lemma 2^ holds for n = A: > 2, and 
consider a (A:-|-l)-simplex S determined by vq, ■ ■ ■ , Vk+i. Let A be the fc-subsimplex 
of S determined by Wg, • • ■ , Vk, and A' be the /c-subsimplex of S determined by vq, 
■ ■ ■ , Vk-i, Vk+i- If we consider A, then we get the following two cases. 
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Figure 1. We can take a weak reducing pair (D.E) such that 
D ^ D. 

(1) the vertices of A have the form vq = {Dq, E), ■ ■ ■ , Vk — {Dk, E), or 

(2) the vertices of A have the form vq = {D, Eq), ■ ■ ■ , Vk = (-D, Ek). 
In the case (fTl) , the vertices of A' have the form 

vo = {Dq,E), • •• , Vk-i = {Dk-i,E), Vk+i- 

Since k > 2, we can assume the existence of vi — (Di,E). By the induction 
hypothesis, Vk+i must have the form (Dk+i, E). Similarly, in the case (pi), the 
vertices of A' have the form 

Vo = {D,Eo), ••• , ffc_i = {D,Ek-i), Vk+i = {D,Ek+i). 
Therefore, the statement holds when n = k + 1. D 

Let D C V, E C W he compressing disks, where dD and dE intersect trans- 
versely in a single point. Such a pair of disks is called a canceling pair of disks for 
the splitting. If there is a canceling pair, then we call the splitting stabilized. 

Let F be a surface and D be a compressing disk of F. If we compress F along 
D, we call the compressed surface "Fp ". Lemma [2/7] gives a connection of a vertex 
in WTZ with a stabilized Heegaard splitting. 

Lemma 2.7. // {D, E} is a canceling pair of a Heegaard splitting H — (V, W; F) 
and the genus of F is at least two. Then, there is a weak reducing pair {D,E) such 
that D^ D or E^E. 

Proof. Let C the boundary of a regular neighborhood of dDUdE in F. Then there 
is a simple closed curve C" in F in the same isotopy class of C in F, such that C" 
bounds a disk in Fj^ {Fjj resp.). If we push the interior of this disk slightly into W 
(V resp), we get a disk E {D resp), such that DDE = % {E r\ D = % resp). If we 
choose D — D {E = E resp), then we get the wanted weak reducing pair {D,E) 
(see Figure [ij) D 

Definition 2.8. Let v = {D, E) be a vertex in WU. 

(1) If there is a canceling pair {D, E} such that D = D, then we replace F by 
Fd, and redefine Wn{F) as WniFo). 

(2) If there is a canceling pair {D, E} such that E = E, then we replace F by 
Fe, and redefine WTZ{F) as Wn{FE). 

(Of course, the Heegaard splitting is also changed if one of (fTl) and (pi) holds since 
the Heegaard surface is changed.) If one of (fTl) and (p| holds for a vertex v in WTZ, 
we will call this procedure a destabilization ofWTZ for the vertex v. We can repeat 



ON UNSTABILZED GENUS THREE CRITICAL HEEGAARD SURFACES 
W 





Figure 2. If WTZ is n-stabilized, then there is an {n — l)-simplex 
determined by {Di,E), • • • , (_D„, E). 

destabiUzations of WTZ{F) until we cannot destabihze >V7?.(F) for any vertex in 
'WTZ{F). We call the resulting Heegaard splitting and 'WTl{F) unstahilized. If we 
need n-destabilization steps to make WTZ unstabilized, we call the initial Heegaard 
splitting n-stabilized and this procedure an n-destabilization. 

Definition 2.9. If there exists n e Z such that dim(A) < n for every simplex A 
in yVTZ and n is such a smallest integer, then we call n the dimension of WTZ. 

If yVTZ is n-stabilized, then it is easy to see that there are n mutually disjoint 
non-isotopic essential disks Di, • • • , Z)„ in V ^ and an essential disk E h\ W s.t. 
dEf] dDi = for 1 < z < n (sec Figure [2]) Therefore we get an [n — l)-simplex by 
n- vertices (Z3i, E), • • • , (!?„, E) in WTZ, i.e. the dimension of WTZ is at least n — 1. 

3. The proof of Theorem 11.11 

In this section, we will discuss about the proof of Theorem |1.1| 
Assume M, H, and F as in Theorem |1.1[ Since the only irreducible 3-nianifold 
which has a boundary component isomorphic to a 2-sphere is B^ and a Heegaard 
splitting of genus three of B^ is stabilized by using Waldhausen's Theorem (see 
[15)1. we do not consider B^ and assume that a boundary component of M is not 
homeomorphic to a 2-sphere. 

Suppose that there is an 77i-simplex A in yVTZ. If we compress F along the disks 
of A, we get a union of surfaces. We will prove that if the splitting H is unstabilzed, 
then there is no 2-sphere component determined by some disks of A which come 
from different compression bodies. 

Lemma 3.1. Suppose that M is irreducible 3-manifold and H — {V, W; F) is an 
unstabilized Heegaard splitting of M . Let A be an m-simplex determined by the 
vertices {Dq,E), ■■■ , [D„i,E). Then, FufyDmE cannot have a S^ component 
determined by E and some Di's. Similarly, if A. is determined by (D,Eo), ••■, 
{D,Ejn), then we get the same result for Fdeo--e,„- 

Proof. Suppose that there is a 5"^ component S in i^£)o--Dm-B determined by E and 
some Di's. We can assume that 

S = SUiUD,)U{UEj), 

where S* is a planar surface, {Di}i is a set of parallel copies of the A's, and {Ej}j 
is a set of parallel copies of E. Note that {Ej}j consists of a disk or two disks. Let 
us consider a simple closed curve a in the interior of S which separates UDi and 
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U-Ej in S. a bounds two disks Bi and B2 in S, where Bi contains UDi and B2 
contains UEj . If we isotope the interior of Bi and B2 shghtly, then we can assume 
that Bi is properly embedded in V and B2 is properly embedded in W. Moreover 
Bi and B2 are essential disks in their compression bodies otherwise each of the Di 's 
is inessential in V or i? is inessential in W. Therefore, the splitting is reducible, i.e. 
the manifold is reducible or the splitting is stabilized (see Corollary 3.4.1 of [5^.) 
This contradicts the hypothesis of the lemma. D 

Lemma 3.2. Suppose that M is an irreducible 3-manifold. Let H = {V, W; F) be 
an unstabilized genus three Heegaard splitting of M . Then dim(yV7?.) < 1. 

Proof. Let v = {Dq, E) be a vertex in WT?,, and without loss of generality, suppose 
that V is contained in an TTi-simplex A determined by to + 1 vertices (i'oj E)^ • • • , 
{Dm,E). Now ODq^ •••, dD„i, and dE are mutually disjoint and non-isotopic 
essential curves in F. (If some dDi is isotopic to dE in F, then the splitting is 
reducible. But this leads that M is reducible or the splitting is stabilized.) 

Case 1. dE is non-separating in F. 

Case 1-1. Foa-Dr,^E is connected. 
This means that BDq, • • • , dD^m and dE are non-separating in F. Now Fo^...i:,^e 
is a surface whose genus is at most one. If i^D^.-.D^B is a torus, then we get to = 0. 



Otherwise, Fd^...d^e is a 2-sphere and to, = 1, but this contradicts Lemma 3.1 

Case 1-2. Fug---D„-,E has two or more components. 
In this case, there are one or two components in Foo-.-DmE such that each of 
these components is determined by E and some I?i's. Let Fd^^...d^e be one of 
such components and suppose that E and Dq, • • • , -Dfc, without loss of generality, 
determine Fr)o-D„^E- If there are two such components, then we choose the one 
which makes k smallest as F£)g...£)^E- Assume that Dj is superfluous to determine 
Fdo---d^e if i > k. We can assume that the genus of Foo---d^e is at least one by 
Lemma 13.11 

Case 1-2-1. If A: = 0, then either dE U dD^ cuts F into two twice-punctured 
tori where dD^ is also non-separating in F or 9Z)o is separating in F. 

Assume that the former case. Suppose that m > 1 and let T be the twice- 
punctured torus component which dDi in contained in. Then, dDi is an essential 
simple closed curve in T which is not 9-parallel. If dDi is separating in T, then 
9Do U dDi U dE cuts off a pair of pants P from F. Hence, FdqDiE has a S"^ com- 
ponent determined by Dq, Di, and E. If we apply Lemma |3.1| to the 1-subsimplex 
of A determined by {Dq,E) and {Di,E), then we get a contradiction. If dDi is 
non-separating in T, then Fe)^UiE has a S'^ component determined by Dq, Di, and 
E. Also, we get a contradiction similarly. Therefore, we get to, = 0. 

Now we assume the latter case. Let Fq^^ = F^ U F'j^ , where giF'^, ) = 2 and 
di^Da) ~ ^- Suppose that dE C F^^. Since dE is not isotopic to dDo in F, dE 
must be essential in F^ , i.e. Fd^e has a S'^-component determined by Dq and E. 



If we apply Lemma 3.1 to the 0-subsimplex of A determined by (Dq, E), then we 
get a contradiction. Therefore, we get dE C F'^i . Moreover, fc = implies dDi, 
■ ■ ■ , dDm C F'j^ . Since there is only one isotopy class for non-trivial disjoint simple 
closed curves in F^^, we get to < 1. (We do not consider the curves isotopic to 
dDo.) In particular, dDi must be non-separating in F if it exists. 

Case 1-2-2. If fc > 1 and at least two of dDQ, ■ ■ ■ , dD^ are separating in 
F. Assume that dD^ and dDp for < a 7^ /3 < to are separating in F. Then, 
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Pd^Dh — PdcDh ^ ^d^Dh ^ ^DaDa^ where the three components of Fo^Dfi are 
genus one surfaces. Let F^^Dg i-^D^Dg resp.) be the one determined by only 
Da {Dp resp.) and F'^, jj be the one determined by both Da and Dp. Suppose 
that dE C F'j^ ^ or F^' ^ . In this case, dE is essential in F'j-, ^ or F'j^' ^ , 
respectively. This means that we get a 2-sphere component in Fu^DoE determined 



by E and Da, or E and Dp. Therefore, if we apply Lemma 3.1 to the 1-subsimplex 
of A determined by {Da,E) and {Dp,E), then we get a contradiction. Now we 
suppose that dE C F'l)^jj . We can assume that there are two disks D'a and D'p 
in F'li^jj such that D'a {D'a resp.) is a parallel copy of Da {Dp resp.). If dE is 
inessential in F^ ^ . , then dE bounds a disk in F'^ ^ containing D'a and D'n in 
its interior. In this case, dE is separating in F , which contradicts the assumption 
of Case 1. If dE is essential in F^ ^ , then we get a contradiction similarly as 
when^FcFl^^^^orF-^^^. 

Case 1-2-3. If /c > 1 and exactly one of 9-Doi • • ■ 7 dDm, say dDa for some 
a (0 < a < to), is separating in F. Then, Fd^ = F^ U F'j^^, g{F'jjJ = 2, and 
g{F'^ ) = 1. Here, we get dE C F^ by Lemma 3.1| Therefore, there is some 



dDj C F'jj for < j y^ a < mhy the assumption k > 1. If we compress F^ along 
E, then (F^ )£ is a torus. We can assume that there are three disks E' , E" , and 
D'^ in {F'^Je where E' {E" , D'^ resp.) is a parallel copy of F (F, £>„ resp.) If ^F'^ 
is inessential in (F^ )£;, then 9F'j bounds a disk in (F^ )e containing (1) E' and 
E", (2) F' and F'^,°(3) F" and D^, or (4) F', F" and F»^ in its interior. In any 
case, there is a S'^-component in Fd^u e determined by Dj and F or Da, Dj and 



F. Hence, if we apply Lemma 3.1 to the 1-subsimplex of A determined by {Da, E) 
and {Dj,E), then we get a contradiction. If dDj is essential in (F^ )e, then we 
get a S''^-component in Fd^d e- Therefore, We get a contradiction similarly. 

Case 1-2-4. If A: > 1 and all of 9Fo, • • • , dDm are non-separating in F, then 
we can find two of them dDa and dDp for < a 7^ /3 < m such that dDa U dDp 
separate F. (Suppose not, i.e. Fd^d^ is connected for any choice of a and /3 for 
< a 7^ /3 < ?n. If 9F is inessential in Fd^£)„, then there is a S'^^-component 
in Fd^ Di^e determined by F and one or both of Da and Dp. Hence, if we apply 
Lemma 3.1 to the 1-subsimplex of A determined by {Da,E) and {Dp,E), then 
we get a contradiction. Hence dE is essential in Fe^D/i- Since FE^Of, is a torus, 
FEaDfjE is a 2-sphere. Therefore, we get a contradiction similarly.) Now we get 
FEcDf, — F'e e ^ P'd d ' where each of F'e e ^^"^ ^d d- i^ ^ torus. Without 
loss of generality, assume that dE C F'e^Er- If ^^ is inessential in F'e^Eb^ then 
there is a S'^-component in Fe^d«e determined by Da, Dp, and F. Hence, if we 



apply Lemma 3.1 to the l-subsimplex of A determined by {Da,E) and {Dp,E), 
then we get a contradiction. If dE is essential in F'e^Eh i then this also contradicts 
to Lemma |3 . 1 1 similarly. 

Case 2. dE is separating in F. 

In this case, F^ == F^ U F^, where g{F'j^) = 2 and g{F'j^) = 1. By Lemma [3T 
dDo, ■■■, dD,n C F'e. 

Case 2-1. If some dDa for < a < ttt, is separating in F, then Fe^e = 
^'d^e U F'e^e ^ ^d'cE where each component is a torus. Let Fe^e {^d^e resp.) 
be the component determined by only Da (F resp.) and F'^ ^ be the component 
determined by both Da and F. If to, = 0, then proof ends. Now we assume that 
TO, > 1. Suppose that there is dDp for Q < P ^ a < m which inessential in Fe^e- 
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8Do ODi 

Figure 3. l-simplex cases 



ODa dDi 



or F'j^' £, then dDp 



is isotopic to dDa or dE respectively, i.e. a 
C F'j^ ^. In this case, there is a S'^-component in 
, and E. If we apply Lemma 3.1 to the 1-subsimplex 



If dDp C F'o 

contradiction. Therefore, dDp 
Fo^DpE determined by Da, Dp 
of A determined by {Da,E) and {Dp,E), then we get a contradiction. Therefore, 
dDp is essential in Fd^e for < /3 7^ a < to. Since all components of Fo^e are 
tori, Lemma 3.1 forces dDp to be in F'jj ^. Moreover, we get to < 1 since 915/3 is 
not isotopic to dDa in F and there is only one isotopy class of disjoint essential 
simple closed curves in F'j^ ^. In particular, dDp is non-separating in i^ if m = 1. 
Case 2-2. If all dDi ioi < i < m is non-separating in F, then ODq, • • • , dDm 
represent different isotopy classes of non-separating curves in F'^. (Suppose that 
dDa is isotopic to dDp in F'^ for < a 7^ /3 < to. Using this isotopy, we get an 
annulus which dDa and 9-D^ bound in F'^, i.e. there is a S'^-componcnt in Fjj^EuE 
determined by Da, D/j, and E. Hence, if we apply Lemma 3.1 to the 1-subsimplex 
of A determined by (Da, E) and {Dp, E), then we get a contradiction.) If to, = 0, 
then the proof ends. If to, > 1, then (^^)_DoDi must contain a S''^-component 
determined by Dq, Di, and E, i.e. FogDiE does so. Hence, if we apply Lemma 



3.1 to the 1-subsimplex of A determined by {Dq,E) and {Di,E), then we get a 



contradiction. 



D 



Corollary 3.3. Assume M, H, and F as in Lemma 3.2 If {Do,E) and {Di,E) 
determ,ine a l-simplex in WTZ, then ODq is separating and dDi is non- separating 
in F without loss of generality. Moreover, ODq U dDi cuts off a pair of pants from 
F, and F does not have compressing disks in V other than those parallel to Dq 
where F G F is obtained from the once-punctured genus two component of F — ODq 
removing dE. We get the same result if {D, Eq) and {D, Ei) determine a l-simplex 
inWn. 



Proof. In the proof of Lemma [tO} we have two cases when WTt has a l-simplex, i.e. 
TO, = 1, Case 1-2-1 and Case 2-1. In each case, one of 9I?o and dDi is separating 
and the other is non-separating in F. (In Case 1-2-1, the separating one is ODq 
and the non-separating one is dDi. In Case 2-1, the separating one is dDa and the 
non-separating one is dD^.) Moreover, the separating one cuts off a once-punctured 
torus from F , and the non-separating one is a non-separating simple closed curve in 
this torus. Therefore, dD^ U dDi cuts off a pair of pants from F (see Figure Isj the 
left one is when dE is non-separating and the right one is when dE is separating 
in F.) Since dim(>V7?,) < 1, the last statement is obvious. D 



By Lemma [3T2] we can assume that WTZ is a 1-dimensional graph if it is not a set 
of vertices. Suppose that two vertices Vi — {Di,Ei) and V2 — {D2,E2) determine 
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an edge e in W7^. Let us label e "D" ("E" resp.) if Ei = E2 {Di = D2 resp.) and 
call e a D-edge (an E-edge resp.) 



Lemma 3.4. Assume M , H , and E as in Lemma \3.S\ If there are two adjacent 
edges e and f in WTZ such that e is determined by {Do,E) and {Di,E) and f is 
determined by (Di,E) and {D2,E), i.e. both edges are labelled "D", then dDi is 
non- separating, and dDg, dD2 are separating in E. We get the same result if both 
edges are labelled E. 



Proof. By Corollary |3.3[ we have the following two cases. 

Case 1. ODq and dD2 are non-separating, and dDi is separating in E. 

Case 2. ODq and dD2 are separating, and dDi is non-separating in E. 

We will show that we only get Case 2. Suppose that Case 1 holds. Let Ed^ = 
P'd, U i^^i' where g{E'jj^) = 1 and g{E'^^) = 2. Let V be the part of V that E'j^^ 
bounds in V . If we consider the edge e, then dD^ C E'jj since dD^ U dDi cuts 
off a pair of pants from E by Corollary |3.3| The existence of the edge e implies 
-Do n -Di = 0, i.e. Dq C V . Hence, we can compress E'j^ along the disk Z?o in ^' 
and get a 2-sphere S. Since d-V does not have a 2-sphere component, the inside 
of 5 in V^ must be a 3-ball, i.e. V' \s a. solid torus and Dq is a meridian disk of 



V' . If we use Corollary 3.3 for the edge /, then D2 is also a properly embedded 
disk in V' and both of Dq and D2 must be meridian disks of V . Therefore, Dq is 
isotopic to D2 in V' and we can assume that this isotopy misses Di. This means 
Dq is isotopic to D2 in V , which is a contradiction. D 

Definition 3.5. If there is a maximal connected subgraph of WTl whose edges 
are labelled only D and it consists of two or more edges, we call it a "D-cluster". 
Similarly, we can define an 'E-cluster". In a D-cluster (an E-cluster resp.), all 
vertices have the same -E-disk (_D-disk resp.). 

Lemma 3.6. A D-cluster does not contain a loop. Moreover, there is only one 
vertex in a D-cluster which is adjacent to two or more edges in the D-cluster. We 
get the same result for an E-cluster. 

Proof. If a D-cluster have a subgraph like v' — g^ v — g^ w —^^ w' where ei and 62 
share a vertex v and 62 and 63 share a vertex w {v ^ w), then the boundary of the 



D-disk of V must be non-separating in E by applying Lemma 3.4 to v' — e^ v 



But if we apply Lemma 3.4 to v—e^w —e^, w' again, then we get the previous Z)-disk 
is separating in E , which is a contradiction. Therefore, a D-cluster cannot have 
a line segment of length 3 or more. By the definition of WTZ, there is no loop of 
length at most two, i.e a D-cluster cannot have a loop. 

Suppose that v and w are different vertices in a D-cluster such that each of 
both is adjacent to two or more edges in the D-cluster, i.e. there are different two 
edges ej and e^ (e^ and e^ resp.) in the D-cluster containing v (w resp.). Since 
a D-cluster is connected, there is a path I from v to w m the D-cluster. We can 
assume that I does not contain both ej and e^ since there is no loop in a D-cluster. 
Similarly, I does not contain both e\, and e^. Without loss of generality, assume 
that e\ and e^ are not contained in Z. If we consider e^ U Z U e^, then it is a line 
segment of length at least three in the D-cluster, i.e. a contradiction. Therefore, 
there is only one vertex in a D-cluster which is adjacent to two or more edges in 
the D-cluster. D 
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{D3,E) 




{D2,E) 

{Di,E) 



Figure 4. An example of a D-cluster in WTZ. {Dq, E) is the center 
and other vertices are hands. 



Definition 3.7. By Lemma 3.6 there is a unique vertex in a D-cluster (an E- 
cluster resp.) adjacent to two or more edges in the cluster. We call it "the center of 
a D-cluster (an E-cluster resp.)". We call the other vertices "hands of a D-cluster 
(an E-cluster resp.)." See Figure HI Note that if an edge v —eW is contained in a 
D-cluster (an E-cluster resp.), then one of v and w is the center of the cluster and 
the other is a hand. 



Lemma 3.8. Assume M , H, and F as in Lemma 3.2 and consider WTZ. Every 
edge of WTZ is contained in some D-cluster or E-cluster. Moreover, every D- or 
E- cluster has infinitely many edges. 

Proof. Without loss of generality, assume that there is an edge e labelled D, say 



{Dq.E) — e {Di,E). By Corollary 3.3 we can assume that dDo is separating and 
dDi is non-separating in F. If we compress F along Di, then E^-^ bounds the part 
of V which misses Di, say V, in V. Let D[ and Z?" be two parallel copies of Z?i on 
Fdj . Let us consider two disks D[ and D'{ such that D[ {D'{ resp.) is obtained by 
extending D'l {D'{ resp.) slightly on i^^i, and pushing its interior into V so that it 
is properly embedded in V (see Figure [5|, and an arc a connecting dD[ and 91?" 
on Fjy-^ which misses dD'i, dD'{, and dE on its interior. If we perform the band 
sum of D'^ and D'l along a in V' , then we get a properly embedded disk Dq in 
V which is 9-parallel in V' . Dq is an essential separating disk in V and we can 
assume that Dq misses Di and E. Therefore, we get an edge {Dq,E) — e„ {Di,E) 
in WTZ. We claim that there are infinitely many isotopy classes of Dq in V. If we 
compress Fd-^ again along E, then a is represented by an arc connecting dD'i and 
dD'( on Ejj-^E which misses dD[, dD'i, and the boundary of a parallel copy of E 
(if dE is separating in fuj or two parallel copies of E (if dE is non-separating 
in Fd-^) on its interior. Note that the genus of each component of Fd^e must be 
one, otherwise we can find a jS^-component in Fjy-^E determined by Di and E and 
we get a contradiction by applying Lemma [33] to the 0-simplex {Di,E). Let FdiE 
be the component of Fu-^e containing a. Since g{FE)iE) = 1, there are infinitely 
many isotopy classes of such arcs (see Figure [6J we do not fix the endpoints of the 
arcs on dD'i and dD'i when we consider these isotopies.) Moreover, if such arcs are 
non-isotopic, then the resulting disks are also non-isotopic in V. D 



Lemma 3.9. Assume M , H , and F as in Lemma \3.S\ and consider WTZ. If there 
are consecutive two edges with different labels in WTZ, then either the boundary 
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Figure 5. An arc a connecting dD[ and dD'{ 
the disks from E 




FdiE 
Figure 6. There are infinitely many isotopy classes of a. 



curves of corresponding four disks are all disjoint or the D-cluster and the E-cluster 
containing the D-edge and the E-edge respectively have the common center. In the 
latter case, we can replace a separating disk among the four disks by a new separating 
disk in the same compression body so that the resulting four disks are all disjoint. 

Proof. Let (I?07^o) ~e {Di,Eq) —f {Di,Ei) be the two edges, where e is labelled 
D and / is labelled E. By Corollary |3.3[ we get a situation like Figure [3] for each 
edge, but in the case of /, we need to consider one D-disk and two E-disks. Since 
Dq, Di, and Eq are all disjoint, and Di, Eq, and Ei are also all disjoint by the 
existence of the edges e and /, we will prove that dEiOdDo = or the both clusters 
guaranteed by Lemma |3.8| have the common center. Let the separating one be Di 

UF^., where 
cV" by 



and the non-separating one be Dj between Dq and Di. Let Fd. — F'j^ 
g{F'jj,) = 2 and g{F^.) = 1. We already know that OEq C F[ 



Di 



Di'-'^ Di 

and dD 



Corollary 3.3 

Case 1. dEi f] dDj ^ 0, i.e. j = 0. (so i = 1) 
In this case, the existence of the vertex {Di,Ei) implies that dEi n dDi = 0. 
Moreover, dEi C F'j^, from dEi n dDj ^ 0. But if dEi is non-separating in F, 
then dEi is essential in F'j^,, i.e. Ei and Di determine a 5^ component of FoiEi- 



Hence, if we apply Lemma 3.1 to the 0-simplex {Di, Ei), we get a contradiction. If 
dEi is separating in F, then it must be isotopic to dDi, it is also a contradiction. 

Case 2. dE^ n dDj = 0. 
If j = 0, then the proof ends. Therefore, assume that j ~ I (so i = 0.) If we apply 
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Corollary |3.3| to the edge /, then one of OEq and dEi is separating and the other is 
non-separating in F. Let dE^ be the separating one and dEi be the non-separating 
one. Here, dDi {dEi resp.) goes into the genus two component (the genus one 



component resp.) of Fe^ again by Corollary 3.3 

Case 2-1. dEi f] dDi ^ 0. 
Suppose that / = 1, (so fc = 0). Let Fe^ = F'^^ U F^^, where g(F^J = 2 and 
g{F^ ) — 1- Here, dDi must go into F'^ (if dDi C F^ , then it must be parallel 
to dEk since dDi is separating in F and g{F^ ) = 1.) Since dEi n dDi ^ from 
the assumption of Case 2-1, dEi also goes into F^ . But we already know that 
dDj = dDi is contained in F^ from the assumption of Case 2. If we compress F^ 
along Dj and Ei, then {F^ )dEi must have a 2-sphere component determined by 
Dj, El;, and Ei since dDj and dEi are two disjoint non-separating simple closed 
curves in F^ . Hence, if we apply Lemma 3.1 to the 1-simpex /, then we get a 



contradiction. Therefore we get Z = (so k = 1), i.e. both dDi and dEg {dD^ 
and dEi resp.) are non-separating (separating resp.) in F. Let 2? {E resp.) be 
the D-cluster (the E-cluster resp.) containing the edge e (/ resp.) Since the D-disk 
(E-disk resp.) for the center of a D-cluster (an E-cluster resp.) is non-separating in 



its compression body by Lemma 3.4 the vertex {Dq,Eq) ({Di,Ei) resp.) cannot 
be the center of T> {£ resp.) Therefore, {Di,Eq) is the common center of both V 
and £. 

Now we will prove that there is another edge (I?i, Eq) —g {Di, E2) in £ such that 
i;2 n Do = 0- If we compress F along Dq, then Fd„ = F'j^^ U F'^,^ where g(f ' ) = 2 
and 3(F^J = 1. We get dEo C F^^ and dDi C F'^^^ by applying Corollary 33] to 
the edge e. If we compress F'j-,^ again along Eq, then we get a torus FdoEq- There 
are two parallel copies E^ and Eq of Eq and one parallel copy Dq of Dq in Fjj^Eo ■ If 
we use the band sum arguments by using an arc connecting E'^ and E^ missing dE'^, 



dE^, and dDQ on its interior as in the proof of 3.8 then we can find an essential 
separating disk E2 in W such that F2 n Dq = ^2 n Di = F2 n Fq = 0. Therefore, 
we get an edge {Di,Eo) —g {Di,E2) which is contained in £. By the existence of 
the edge g, three disks Di, Eq, and E2 are all disjoint. Since we already know that 
Dq, Di, and Eq are all disjoint by the existence of the edge e, E2 n Dq = means 
that -Do J Di, Eq, and E2 are all disjoint. 

Case 2-2. dEi D dDi = 0. 
In this case, dEi n dDo = 0, i.e. the proof ends. D 



Corollary 3.10. Assume M, H, and F as in Lem,m,a \3.^ There are consecutive 
two edges with different labels, {D, E) — e {D, E) ~f [D, E) in WTZ if and only if the 
disks D, D (Z V and E, E d W hold the following conditions. 

(1) Four boundary curves of the disks represent different isotopy classes in F. 

(2) One of dD and dD (dE and dE resp.) is separating and the other is 
non-separating in F . 

(3) dD U dD cuts off a pair of pants from F , and so does dE U dE. Moreover, 
both pairs of pants are disjoint in F if the four disks are all disjoint. 

(4) Either (A) the four disks are all disjoint, or (B) we can replace one sepa- 
rating disk among these disks by another separating disk in the same com- 
pression body so that the resulting four disks are all disjoint and satisfying 
the conditions UV, Q), and O). 
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Figure 7. An example of the boundaries of four disks satisfying 



the four conditions of Corollary 3.10 



Proof. (-4=) This is obvious since we can assume the four disks D, D, E, and E are 
all disjoint. 

(^) Suppose that there are consecutive two edges with different labels, [D, E)—e 
{D,E) —f {D,E) in WTZ. If a D-disk and an E-disk share their boundaries, then 
the splitting is reducible, i.e. the manifold is reducible or the splitting is stabilized, 
this is a contradiction. Moreover, D and D {E and E resp.) cannot share their 
boundaries by the existence of edge e (/ resp.). Therefore, we get the condition 



If we use Corollary 3.3 for both edges, we get the condition (l2|. 

Suppose that the four disks are all disjoint. Let Pd {Pe resp .) be the pair of 
pants which DUD {EUE resp.) cuts off from F by Corollary [sis] If Pd^Pe^ 0, 
then one of both belongs to the interior of the other since the boundary curves are 
disjoint. Assume that Pe C int(PD) without loss of generality. Then, either some 
component of OPe is inessential in Pjj (so also in F) or each component of OPe is 
isotopic to some component of dPo in F, any of both cases gives a contradiction. 
Therefore, we get the condition (|3|. 

If the four disks are all disjoint, then we get the condition Q. Assume that 
some disk among them int erse cts the union of the others. This means that Case 
2-1 of the proof of Lemma 



3.9 



holds. Therefore, we can assume that D, D, and E 
are all disjoint and D, E^ and E are all disjoint, but E intersects D. Moreover, we 
can replace E by another separating disk E' in W so that we can make an edge 
{D,E) —g {D,E') and D, D, E, and E' are all disjoint as in the proof. We can 
check that this four disks satisfy the conditions ([I]), ([2]), and ([3| since the edges e 
and g are also consecutive two edges with different labels. D 

We can imagine something like Figure [7] if there exist four disks satisfying the 
four conditions of Corollary |3.10| and they are all disjoint. The thick curves are 
separating and the thin curves are non-separating in F. 

Now we introduce the key theorem of this article. The idea of this theorem is to 
isolate one cluster from another cluster in WTZ. 

Theorem 3.11. Let M he an irreducible i-manifold and H = (V,W;F) be an 
unstabilized genus three Heegaard splitting of M. Suppose that there is no choice of 
four disks D, D C V and E, E C W which satisfy the four conditions of Corollary 
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3.10 If we can choose two weak reducing pairs {Dq,Eq) and (Di,Ei) such that 



ODq n dEi 7^ and dDi D OEq ^ $ up to isotopy, then H is critical. 

Proof. If {Do,Eo) and {Di,Ei) represent the same vertex in WTZ, then we get 
Dq ^ Di. But Dq r\ Eq = ^ leads Dill Eq =0, which contradicts the assumption 
of this theorem. Hence, [Dq^Eq) and {Di,Ei) are different vertices in WTZ. If 



dim(W7?,) = 0, then the proof ends by Proposition 2.3 Therefore, assume that 



dim(yV7?,) = 1 by Lemma |3.2[ We wiU prove that there is no path connecting 



{Do.Eq) and {Di,Ei) in WTZ to use Proposition 2.3 If there is a path from 
{Dq,Eq) to {Di,Ei) in WTZ, then each of both vertices belongs to some edge. 
Hence, Lemma |3.8| forces each of both vertices to be contained in some D- or E- 
cluster. Now we get the three cases. 

Case 1. {Do,Eo) and {Di,Ei) belong to the same D-cluster (E-cluster resp.). 
In this case, Eq = Ei {Do — Di resp.). But the weak reducing pair (Dq, Eq) means 
that dDo n dEo = 0, i.e. ODq n dEi = (dDi n dEo = resp.), which contradicts 
the assumption of this theorem. 

Case 2. (Dq^Eq) belongs to some D-cluster (E-cluster resp.) and {Di,Ei) 
belongs to another D-cluster (E-cluster resp.) 

Suppose that there is a path connecting two vertices, {Dq, Eo)~ei ■ — e„ {Di , Ei) 

in WTZ. This path must contain an edge labelled E (D resp.) otherwise two clusters 
are united, but this goes to Case 1 and leads a contradiction. Therefore, we can 
find a line segment of length two in WTZ whose edges are labelled differently in the 
union of the path and these two clusters. This line segment gives the four disks 



satisfying the four conditions of Corollary 3.10 which contradicts the assumption 
of this theorem. 

Case 3. {Dq,Eq) belongs to some D-cluster (E-cluster resp.) and {Di,Ei) 
belongs to some E-cluster (D-cluster resp.). 

Suppose that there is a path connecting two vertices. Since two clusters have 
different labels, we can find a line segment of length two in WTZ whose edges are 
labelled differently in the union of the path and these two clusters, this gives a 
contradiction as in Case 2. D 

Now we will prove Theorem |1.1[ Let M, H, F, Dq, Di, Eq, and Ei be those in 
Theorem O 

We divide the proof into the two cases. 

Case 1. There is no weak reducing pair whose two disks are separating in their 
compression bodies. 

If there is a choice of four disks satisfying the four conditions of Corollary |3.10[ then 
we can assume that these four disks are all disjoint, i.e. the two separating disks 
among them correspond to a weak reducing pair, which contradicts the assumption 
of Case 1. Therefore, there is no choice of four disks satisfying the four conditions 
of Corollary |3.10| Hence, we can use Theorem |3.11| This completes the proof. 

Case 2. There is a weak reducing pair whose two disks are separating in their 
compression bodies. 

We will prove that we cannot choose four disks D, D C V, E, E C W satisfying 
the four conditions of Corollary |3.10[ 

Suppose that such four disks exist and assume that D C V and E C W are 
separating disks among these four disks. (So D and E are non-separating in their 
compression bodies.) 
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Since we can assume D D E ^ 9, dD U dE cuts F into three pieces F', F" , and 
F"', where F' [F'" resp.) is the once-punctured torus determined by only dD {dE 
resp.) in F and F" is the twice-punctured torus determined by both dD and dE in 
F . Since the Heegaard sphtting H must be irreducible (otherwise, M is reducible 
or the splitting is stabilized), we can ignore the possibility that dD is isotopic to 
dE in F. D {E resp.) cuts off a solid torus or T^ x / from V {W resp.) where 
T^ is a torus. By the assumption of this theorem, we can assume that at least one 
of D and E, say D without loss of generality, cuts off T^ x / from V , say V' . Let 
T be the torus component of d-V which realizes the product V . Our assumption 
means that V is the part of V which F' U D bounds in V. 



Since dD U dD cuts off a pair of pants from F from Corollary 3.10 dD must 
be a non-separating essential simple closed curve in the interior of F\ i.e. D is a 
compressing disk for F' = dV n d+V. Since D is a. separating disk in V and D is 
disjoint from D, we get D C V , i.e. F' is compressible in V' ^ T'^ x /, this is a 
contradiction 



Therefore, we can use Theorem 3.11 This completes the proof 



4. The proof of Corollary 11.2 



In this section, we will prove Corollary |1.2[ First, we consider the following 
lemmas. 

Lemma 4.1. Let M he a closed 3-manifold, H be a genus three Heegaard splitting 
of M , F he the Heegaard surface. M has a weak reducing pair such that the two 
disks are separating in their handlehodies and the houndaries of hoth disks are not 
isotopic in F if and only if M — A'Ii[JtM2, where each Mi has a genus two Heegaard 
splitting for i = 1,2, T is a torus, and H can he represented as an amalgamation 
of these genus two splittings along T . 

Proof (■^) Let the Heegaard splitting of Mi (M2 resp.) be (F+ , W+ ; Fi ) ( ( VL , W^_ ; F2 ) 
resp.), and W+ O V-^ — T. Since a compression body with non-empty minus 
boundary components can be represented as a union of a product of its minus 
boundary components and 1-handles, W+ = (T x /) U (a 1-handle) and V^ = 
{TxI)U (a 1-handle). Let T be the 0-level in T x / of W+ and V_ and the attach- 
ing disks for the 1-handles go into the 1-levels in these products. In order to proceed 
the amalgamation, isotope the attaching disks of both 1-handles so that they can 
be disjoint after the projection into T (see Figure [s]) Note that the projection 
function may also be changed during this isopoty so that the projection images of 
these attaching disks do not intersect one another. Let us consider tho curves Ce 
and Cd in T such that Ce {Cd resp.) bounds a disk in T and this disk contains the 
projection images of the attaching disks for W+ (VL resp.) in its interior. Make 
sure that the disk for Ce is disjoint from that of Cd- By using the projection 
function, we can find the corresponding curve Ce in 9+W+ {Cd in d+V- resp.). 
Consider a disk E C W+ {D C V^ resp.) such that dE — Ce {dD — Cd resp.) like 
Figure [8j Obviously, D and E are separating in their compression bodies. After 
amalgamation, D and E are disjoint separating disks in their handlebodies and the 
boundary of one is not isotopic to that of the other in the resulting Heegaard surface. 

(=>) Suppose that there is a weak reducing pair {D,E) where both disks are 
separating and the boundaries of both disks are not isotopic in F. Let D dV and 
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1-handle 



T X I 



T X I 




1-handle 



Figure 8. In the amalgamation case, we can find a weak reducing 
pair where both disks are separating. 



E CW. Now Fde consists of three tori F'jjj^, F^j^, and F^'j^, where F^,^ (i^j^'g 
resp.) bounds a solid torus V in V [W in W resp.). Find a meridian disk D' (E' 
resp.) in V' {W resp.) such that D' [E' resp.) is disjoint from D {E resp.). Let 
T be the surface Fd'e'- Then, F is obtained from T by attaching boundaries of 
two 1-handles whose cocores are D' and E' and removing the interiors of attaching 
disks of these handles. Now we get the right figure of Figure [s] Since V H W = 0, 
{D',E') is a weak reducing pair. Therefore, if we perform the weak reduction by 
{D' , E'), then we get the generalized Heegaard splitting where both thick surfaces 
are of genus two and the unique thin surface is torus. D 



Lemma 4.2. Assume M, H , and F as in LemmalSTBand consider WTZ. If there is 
an edge labelled D (E resp.) in WTZ whose E-disk (D-disk resp.) is non- separating 
in its compression body, then WTZ must have a line segment of length two whose 
edges are labelled differently. 

Proof. Without loss of generality, suppose that there is an edge (Z?o, E)—e {Di, E) 
in WT?,, ODq is separating, dDi is non-separating, and dE is non-separating in F 
by Corollary |3.3| and the assumption of this lemma. 

Let F'jj be the genus two component of Fjjg . We can check that dE C F'jj and 
dDi n F'^ = by Corollary 3.3 If we compress F'j-, along E again, then {F'j-, )e 
is a torus. Let E' and E" be two parallel copies of £^o and D'q be a parallel copy of 
Do in {F'd )e- If we using the band sum arguments by using an arc connecting E' 
and E" missing dE' , dE" , and ODq on its interior as in the proof of Lemma [3. 8[ 
we get a family {Ea} of infinitely many essential separating disks in W which miss 
E and Dq. Choose a disk Ea from {Ea}, and make an edge {Do,Ea) — / {Dq,E) 
labelled E. Therefore, {DQ,Ea) — / {Dq,E) —^ {Di,E) is the wanted line segment 
of length two whose edges are labelled differently. D 



Corollary 4.3. Assume M , H , and F as in Lemma \3.e^ consider WTZ, and add 
the assumption that M is closed. If dmi{}VTZ) = 1, then WTZ must have a line 
segment of length two whose edges are labelled differently. 

Proof. Without loss of generality, suppose that there is an edge {Dq, E) —^ {Di,E) 
in WTZ, ODq is separating, and dDi is non-separating in F by Corollary |3.3| If 
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dE is non-separating in F, then the proof ends by Lemma |4.2[ Therefore, assmiie 
that dE is separating in F, i.e. E is separating in W. Hence, E cuts W into a 
sohd torus W and a genus two handlebody, where W is bounded hy FU E in W. 
{F is a once-punctured torus which dE cut off from F.) Let E„i be a meridian 
disk of W . Isotope Em in W so that 9£'m is contained in the interior of F. Let 
F be the once-punctured genus two component of i^ — ODq. Since dE C F hy 



CoroUary 3.3 and dE cuts F into a twice-punctured torus and a once-punctured 
torus (otherwise, dE is isotopic to SZJq in F), we get either i^ C F or F is of 
genus two. The latter case contradicts that F is a once-punctured torus. Hence, 
dDa n dErn = 0, i.e. we get an edge {Do,Ejn) — / {Dq,E) labelled E. Therefore, 
{Da,E„i) —f {DqjE) — e (Z?i,F) is the wanted line segment of length two whose 
edges are labelled differently. D 



Let us prove Corollary |1.2[ If AI is not an amalgamation of two genus two 
splitting along a torus, then we cannot choose a weak reducing pair whose disks 



are separating in their hadlebodies by Lemma 4.1 (Since M is irreducible and 
the splitting is unstabilized, the splitting is irreducible, i.e. we can get rid of the 
possibilities of weak reducing pairs whose disks have isotopic boundaries.) Hence, 
there is no weak reducing pair such that each of both disks cuts off a solid torus in 
its compression body since the genus of the splitting is three. Therefore, if we use 
Theorem 1 1.1[ then the proof ends. 

In addition, we can induce some equivalent conditions for dim(yV7?.) = when 
M is closed. 

Corollary 4.4. Let M be a closed orientahle irreducible 3-manifold and H = 
(y, W; F) be an unstabilized weakly reducible genus three Heegaard splitting. Then, 
the following three statements are equivalent. 

(1) There is no weak reducing pair such that each of both disks cuts off a solid 
torus in its handlebody. 

(2) H cannot be represented as an amalgamation of genus two splittings along 
a torus. 

(3) dim(W7^) = 0. 

Proof. Since M is irreducible, (IT]) and (pi) are equivalent by Lemma 4.1 Therefore 
we will prove that (fTl) and ^ are equivalent. 

([T])^j3| Suppose that di\n{WR.) = 1, i.e. the negation of dinl(>V7^) = by 
Lemma |3.2[ Then, YVTZ must h ave a line segment of length two whose edges are 



labelled differently by Corollary |4.3[ This gives th e fou r disks D, D dV and F, 

Let D and F be the two 



3.10 



E C W satisfying the four conditions of Corollary 
separating disks among them. Since we can assume DDE = 0, we get a weak 
reducing pair of separating disks {D,E). By the assumption that M is closed, D 
(F resp.) cuts off a solid torus from V {W resp.). 

(|3|=>(ll]) Suppose that dim(yV'7?.) — 0. Suppose that there is weak reducing pair 
{D, E) such that each of both disks cuts off a solid torus in its handlebody. Let the 
solid torus which D cuts off from V be V and £>,„ be a meridian disk of V' . If we 
isotope Dm in V' so that dDm misses D, then we get a 1-simplex (F, F) — {D„n F) 
in W7?,, i.e dim(yV7?,) = 1 and this gives a contradiction. Therefore, There is 
no weak reducing pair such that each of both disks cuts off a solid torus in its 
handlebody. D 
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(a) 



(b) 




Figure 9. The standard Heegaard splitting of genus three of T^ , 
and its compressing disks which reahze the critical Heegaard split- 
ting. 



5. Examples of Theorem 11.11 

5.1. The three-torus T^ . It is well known that T^ = (torus) x S^ has the unique 
minimal genus three Heegaard splitting (see Theorem 4.2 of |S] and Theorem 5.7 

ofHU.) 

Let C be a cube {{x,y,z) e M'^| — 1 < x,y,z < 1} (see (a) of Figure [9]) If we 
identify the three pairs of opposite faces of C, we get a 3-torus M = (torus) x S^ . 
Let g : C — >■ M be the quotient map. An image by g of a tubular neighborhood of 
union of three axis in C is a genus three handlebody V. Let M — V he W. Then 
it is easy to see that W is also a genus three handlebody. This is the standard 
Heegaard splitting of genus three for T^. 

We will prove that this splitting is critical by using Theorem |1.1[ If there is a 
weak reducing pair for the standard splitting of genus three for T^, then both disks 
are non-separating in their handlebodies (see Lemma 6 of [B].) Therefore, there 
is no choice of a weak reducing pair such that each of both disks cuts off a solid 
torus in its handlebody. By the existence of the weak reducing pairs {Do,Eo) and 
(Di, El) as in Figure l9J we can induce that this splitting is critical by Theorem lO] 
This is an example of dim.{WTZ) = (see Corollary 4.4 ) Also we can check that the 
standard splitting of genus three for T^ cannot be represented by an amalgamation 
of two genus two Heegaar d sp littings along a torus by Corollary |4.4[ 

Let us check Corollary Il3^ for this example. Let S be the horizontal torus in T"^ 



in the left of Figure 10 and F be the Heegaard surface of this splitting. Since the 
fibers of the torus bundle T^ — T^ x S^ is incompressible in T^, S is incompressible. 
Here, we can check that SOF is inessential in S. Let c be an essential closed curve 
in S as in the left of Figure [TO] If we push S upward along c until we get the right 



of Figure 10 , then we get a torus S' isotopic to S. S' H F consists of two circles. 



where each of both is depicted as a dotted curve in the right of Figure 10 These 
curves are all essential in both F and S' . Therefore, S' is the surface satisfying 
Corollary |1.3| 

Note that there is another proof to show that this splitting is critical (see [7]-) 
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Figure 10. S" is satisfying Corollary 1.3 




Figure 11. A tunnel system of the three component chain 



5.2. The three component chain exterior. Let M be the exterior of the three 
component chain pictured in Figure 11 (The manifold M may also be considered 



as P X S*^, where P is a pair of pants.) Let Ti, T2, and T^, be the three boundary 
components of dM , and let us consider two arcs ai and 02 such that Ti and r2 (T3 
and T2 resp.) are connected by ai (02 resp.) as in Figure 11 It is easy to show that 
{ai, 02} is a tunnel system for M. Therefore we get a Heegaard splitting (V, W; F) 
of M, where y is a genus three compression body whose minus boundary consists of 
Ti , T2 , and T3 and M^ is a genus three handlebody If the splitting is stabilized, then 
we can reduce the tunnel system. But a compression body whose minus boundary 
consists of three tori must be of at least genus three, we cannot reduce this tunnel 
system, i.e. the splitting is unstabihzed. Let Dq {Di resp.) be the cocore of oi (02 
resp.) and Eq {Ei resp.) be the compressing disk for W depicted as in Figure 11 
Here, {Do,Eo) and {Di,Ei) are weak reducing pairs. Moreover, Dq C\ Ei ^ % and 
Di n Eq yi^ 0. If there is an essential separating disk in V, then it cannot cut off a 
compression body with empty minus boundary from V. That is, there is no weak 
reducing pair such that each of both disks cuts off a solid torus in its compression 
body. Therefore, this splitting is critical by Theorem |1.1| 

Now we claim that dim(>V7?.) = 1. Let Eq and Eq be two parallel copies of Eq 

If we consider the band sum of Eq and Eq by the arc a connecting 

then we get an essential separating disk E' in W. Since 
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as in Figure 

Eq and Eq as in Figure 

E'nDQ = 9ADo,EQ)~ 
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{Dq, E') is a 1-simplex in WTZ. This example means that 
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Figure 12. We can find the disk E' by the band sum of two 
parallel copies of Eq 

the first statement and the third statement of Corollary |4.4| are not equivalent for 
manifolds with non-empty boundary. 

Note that E. Sedgwick proved that this splitting is not of minimal genus in |13j . 
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